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The validity of Smoluchowski’s theory is demonstrated by its application to the bimolecular triplet–triplet
annihilation (TTA) T1þT1! S0þ S1 in viscous solution. For that purpose the delayed S1! S0 fluorescence
of anthracene in cis-1,3-dimethylcyclohexane/trans-1,4-dimethylcyclohexane (1:1) was measured after UV
excitation with long laser pulses (30 ms) in a temperature range where TTA is completely diffusion controlled.
Through the adequate treatment of the kinetics of TTA upon spatially homogeneous and spatially periodic
excitation (which is partially based on the results of previous publications) absolute values for the diffusion
coefficients D of triplet molecules, for the effective annihilation distance RA and for the Fo¨rster radius RST
of heterogeneous annihilation S1þT1!S0þTn were determined. The temperature dependence of all three
parameters (D, RA and RST) is discussed. From the decrease of RA with increasing temperature, the parameters
A and L can be determined, which define the exponential distance dependence of the annihilation of a triplet
pair in the kinetic model of Butler and Pilling (1977). Differences of the two models and applicability criteria
are discussed.
1. Introduction
The first excited triplet state (T1) in aromatic compounds such
as anthracene is generally populated by optical excitation of
ground state (S0) molecules to the first excited singlet state
(S1), from where subsequent radiationless intersystem crossing
leads to the population of the lowest triplet state:
S0!S1LT1 . In liquid solution metastable triplet states can
decay in two different ways, provided quenching mechanisms
(e.g. by molecular oxygen) are negligible:
(1) By first-order processes, i.e. phosphorescence and non-
radiative decay, with a rate constant kT :
T1 !kT S0: ð1Þ
(2) By diffusion-controlled triplet–triplet annihilation (TTA)
with a second-order rate coefficient k2A :x




With a certain probability the annihilation of a triplet pair
yields an excited singlet state S1 and hence gives rise to a
delayed fluorescence (DF) S1!S0 . From the time dependence
of the DF all relevant information on diffusion-controlled
TTA can be extracted, which is the main subject of this paper.
The rate coefficient k2A is a time-dependent quantity accord-
ing to Smoluchowski’s theory1,2 of diffusion-controlled bimo-
lecular reactions in solution. The time dependence of k2A for
TTA was the topic of a preceding paper,3 in which we showed
that Smoluchowski’s original theory can be applied to the
kinetics of diffusion-controlled TTA, if the effect of the Fo¨rster
energy transfer reactions (FRETs),
S1 þ S1 !kSSðrÞ S0 þ Sn; ð3aÞ
S1 þ T1 !kSTðrÞ S0 þ Tm; ð3bÞ
is taken into account (see Fig. 2 in ref. 3). Since the reactions
(3a) and (3b) strongly affect the primary formation of pairs of
triplet molecules, T1  T1 , at short intermolecular distances
r,{Smoluchowski’s approach must be modified in two ways
for diffusion-controlled TTA in viscous solution:3
Modification 1: Originally Smoluchowski solved Fick’s








with the boundary condition
rðr; tÞ ¼ 0 ðt > 0Þ; ð5Þ
where r(r,t) is the time-dependent relative concentration of
reactive particles in the neighbourhood of a selected reactivey Passed away on the 27/01/2002.
z Present address: Institute of Physical Chemistry, Polish Academy of
Sciences, Kasprzaka 44/52, 01-224 Warsaw, Poland.
x In this paper we adhere to the terminology and symbols used in a
preceding paper,3 thus kinetic quantities referring to TTA are labelled
with a subscript A.
{ The rate coefficients kSS(r)/ kS(RSS/r)6 and kST(r)/ kS(RST/r)6 are
distance-dependent, where kS is the first-order rate constant for the
decay of S1 in the absence of an energy acceptor and RSS and RST
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particle, D is the relative diffusion coefficient of two reactive
particles, and R is the encounter distance of two reactive par-
ticles.1 For diffusion-controlled TTA the encounter distance R
in the boundary condition must be simply identified by an
effective intermolecular annihilation distance RA .
3
Modification 2: Smoluchowski’s initial condition, which
defines a completely statistical spatial distribution of reactive
particles at time t ¼ 0,
rðr; 0Þ ¼ 0 ðr  RÞ; ð6aÞ
rðr; 0Þ ¼ 1 ðr  RÞ; ð6bÞ






ðr6 þ R6SSÞðr6 þ R6ST
: ð7Þ
Eqn. (7) takes the radii RST and RSS for Fo¨rster energy transfer
of the processes (3a) and (3b) into account as well as the dura-
tion and shape of the excitation pulse in form of the parameter
p, which can vary in the limits p 0 and p 1 for extremely
short and long excitation pulses, respectively (see ref. 3). Para-
meter p also depends on the lifetime of the first excited singlet
state tS ¼ 1/kS . The application of eqn. (7) for long-pulse
excitation conditions will be central to this publication and
further discussed below.
With the two modifications Smoluchowski’s original and
well known solution of eqn. (4),










as well as his famous result for the time-dependent rate coeffi-
cient k2 for diffusion-controlled bimolecular reactions,
1









change in the case of diffusion-controlled TTA to



























k2AðtÞ ¼ 4pDRA 1þ RAffiffiffiffiffiffiffiffi
pDt









r0 r0  RAð Þ 1 rA r0; 0ð Þ½ 





where r0 > RA is the distance from the center of a reactive
spherical surface of radius RA . The first two terms on the right
side of eqn. (10) are identical with those of eqn. (8) for
R ¼ RA . The corresponding time-dependent rate coefficient
k2A(t) is also obtained from eqn. (9) with R ¼ RA and r ¼ rA .
The negative transient term – f in eqn. (11a) is a consequence
of using the new initial condition eqn. (7) as opposed to
Smoluchowski’s initial condition eqn. (6). In an intermediate
time range, f is greater than the first transient term, RA/
(pDt)1/2; that means, instead of the rapid initial decrease of
k2 corresponding to Smoluchowski’s initial condition, an
initial increase of k2A (so-called ‘‘anti-Smoluchowski time
dependence ’’4) is observed.
By measuring the time dependence of the delayed fluores-
cence of anthracene in highly viscous methylcyclohexane–
ethylcyclopentane (MCH–CP, 1:1 mixture) at temperatures
between 105.0 and 117.5 K the above result was experimentally
verified in ref. 3. The analysis of the measurements, however,
was limited by the following assumptions and/or experimental
restrictions: (a) the first-order rate constant of the triplet
decay, kT , which is needed in the evaluation procedure of
the time dependence of the delayed fluorescence (see section
3 below) was taken from phosphorescence measurements and
did not naturally emerge from the analysis procedure. (b)
The relative diffusion coefficients D ¼ 2D0 of anthracene in
T1 were estimated by extrapolating a room temperature value
of the absolute diffusion coefficient D0 of anthracene in T1 in
MCH, assuming D0/T/Z and using the known viscosities of
MCH/MCP at low temperatures.6 (c) The Fo¨rster radii RSS
and RST were assumed to be independent of the temperature
in the range studied. (d) The analysis of the experiments in
ref. 3 showed a dependence of RST and RA on the time interval
that was used for the evaluation procedure of the delayed
fluorescence. (e) Although anthracene dissolves rather well in
the glass-forming solvent MCH–MCP at low temperatures,
the long-term formation of micro-crystals in the sample, which
significantly affect the measurements of the delayed fluores-
cence, could not be entirely avoided during long measurements
(several hours).
The present investigation is aiming to remove these limita-
tions through new measurements of the delayed fluorescence
of anthracene in viscous solution (solvent mixture of cis-1,3-
and trans-1,4-dimethylcyclohexane) over a wider temperature
range and upon excitation with a long laser pulse (30 ms).
The specific objectives are as follows:
(1) The validity of Smoluchowski’s generalized theory is to
be verified by measuring the delayed fluorescence and phos-
phorescence simultaneously for the same experimental condi-
tions. The deviation of the rate constant of the triplet decay,
kT , as obtained from independent analyses of both, delayed
fluorescence and phosphorescence in a time range where
Smoluchowski’s theory is expected to hold4 will be used as a
measure for its validity (section 4). This approach to
test Smoluchowski’s theory is possible since the fluorescence
and phosphorescence spectra do not overlap in anthracene.
(2) Absolute values of D are to be determined over a signi-
ficant temperature range of the sample7–9 (sections 3 and 4).
The temperature dependence of D/T/Z will be briefly
discussed.
(3) TTA in eqn. (2) and the two FRETs in eqn. (3) are the
three possible types of electronic energy transfer between
molecules in the excited states S1 or T1 . Reliable values of
the characteristic radii RA , RSS and RST are of fundamental
photophysical interest. With the known values of D the effec-
tive intermolecular annihilation distance RA and the Fo¨rster
radius RST can be determined. The temperature dependence
of RA and RST will yield information on the viscosity range
in which Smoluchowski’s equation is applicable.
(4) In a model by Butler and Pilling10 on the kinetics of
TTA, Smoluchowski’s boundary condition eqn. (5) was mod-
ified by introducing a first-order rate coefficient kA(r) (denoted
l(r) in refs. 2, 10 and k1A in 3) for the annihilation of a triplet
pair, which decreases exponentially with increasing intermole-
cular distance r. This approach will be discussed on basis of
our new data. In this context the parameters A and L charac-
terizing the distance dependence of kA(r) will be evaluated
(section 4).
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2. Experimental
The choice of experimental conditions was essentially the same
as in refs. 3 and 4. The apparatus, however, has been entirely
redesigned and setup from scratch. Its main components, sche-
matically shown in Fig. 1, are outlined in the following
together with the general measurement conditions:
The substances
Chromatographically treated anthracene was purified by
vacuum sublimation and subsequent zone-refining. A new sol-
vent mixture of cis-1,3- and trans-1,4-dimethylcyclohexane (ct-
DMCH) was used. The solvents (Fluka, purum, >99%) were
individually purified by column chromatography on Al2O3
under nitrogen and mixed by volume at a 1:1 ratio at 40 	C
according to their similar vapour pressure at this temperature.
The mixture was dried over K/Na and the anthracene solu-
tions were finally degassed by 15 freeze–pump–thaw cycles.
The anthracene concentration of 1.4 105 M, which was
lower than in previous measurements, was determined by
absorption spectroscopy at room temperature. The choice of
the solvent ct-DMCH as opposed to methylcyclohexane–
methylcyclopentane (MCH–MCP) in ref. 3 is based on the
following criteria:
(i) Anthracence exhibits a higher solubility in ct-DMCH
than in MCH/MCP. Thus, the formation of anthracene
microcystals at low temperatures, which may strongly disturb
the delayed fluorescence (see ref. 11), is significantly reduced.
(ii) ct-DMCH forms an organic glass upon slow cooling and
is photochemically very stable.
(iii) The appropriate range of viscosities of ct-DMCH for
the present investigation is in a temperature range (132–150
K), which is approximately 20 K higher compared to MCH–
MCP. Hence cooling times are shorter and thermalization as
well as the long-term temperature stability are therefore
expected to be improved. The temperature dependence of the
viscosity of ct-DMCH was previously measured by standard
capillary viscosimetry.12
The excitation beam – generation of long excitation pulses
The UV output of an argon ion laser at 363.3 nm (Spectra Phy-
sics, model 2045, specified power of 3 W), which is located in
the origin of the S1 S0 absorption band of anthracene (see
Fig. 2), is used for the excitation of the sample. Long excitation
pulses of 30 ms duration at a repetition rate of 5 Hz are gen-
erated by passing the cw beam through a set of three fre-
quency–stabilized choppers whose disk-shapes and respective
frequencies are shown in Fig. 1.k At time intervals of 200
ms (determined by the disk-shape and frequency of chopper
1) the three choppers are in phase (i.e. the light can pass all
three choppers), leading to the exposure of the sample for
approximately texc 30 ms (due to the disk-shape and fre-
quency of chopper 3). In fact, chopper 3 consists of two disks
on one common shaft,13 both disks are thus always in phase.
By focussing the laser light onto the plane of disk 1 the cut-
off time of chopper 3 is minimized and consequently the excita-
tion pulse is rectangular in good approximation. Disk 2 is used
on the detection side of the experiment (see Fig. 1) in order to
strongly suppress the prompt fluorescence of anthracene at the
time of excitation. The prompt emission of the sample, how-
ever, turned out to be so strong that light leaking through
chopper 3 (disk 2) can be used to monitor the excitation pulse.
The measured shape of the pulse is used to calculate the exact
triplet concentration build-up for the analysis of the time
dependence of the delayed fluorescence (see section 3).
In all experiments the excitation light is guided twice
through the sample cell (10 mm pathlength), which is kept
inside a home-built nitrogen cryostat.14 The laser beam is sim-
ply reflected back into the sample cell by a planar highly
reflecting dielectric mirror which is placed 50 cm behind
the cryostat (see Fig. 1). The second pass through the sample
is to simply double the excitation efficiency. Due to the short
coherence length of the UV laser light of 5 cm no interference
occurs in the cell under these conditions.
The triplet concentration. With an extinction of e1 0(363
nm) 332 dm3 mol1 cm1 at the excitation wavelength (see
Fig. 2), FISC 0.515 and the anthracene concentration of
1.4 105 mol dm3, an upper limit of the initial triplet con-
centration [T1]0,max can be estimated to be 3.2 109 mol
dm3 for an excitation time of texc 30 ms at a laser fluence
of 450 mJ cm2 (laser power 3 W, beam diameter 5 mm).
This value is smaller than in the preceding investigation.3
Fig. 1 Experimental setup schematically. AL: achromatic lens, BP:
Brewster prism, BS: beam splitter, Ch: Chopper, Cr: cryostat, F: opti-
cal filter, Ik (k ¼ 1–4): irises, L: lens, LG: light guide, M: mirrors,
MCS: multi channel scaler, PMT: photomultiplier. All major optical
components were covered with light-tight cases and the excitation
and detection beams were shielded with appropriate light-tight tubes,
to reduce the amount of scattered light to a minimum.
Fig. 2 Absorption spectrum of anthracene in ct-DMCH at room
temperature (solid trace) and spectrum of the prompt fluorescence at
152 K (dashed). An interference filter at 377 nm (half-width 17 nm)
was used for the detection of the time dependence of the delayed fluor-
escence, the corresponding spectral detection region is indicated by
means of a double arrow. The excitation wavelength is indicated by
a vertical arrow.
k The principle of creating long laser pulses from cw laser light is
treated in detail in Fig. 6 of ref. 3.
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The light detection
The emission of the sample is collected with a spherical mirror
and imaged with achromatic lenses via chopper 3 (disk 2) and
a beam-splitter onto the photocathodes of two photomulti-
pliers (Hamamatsu: R1464 – blue sensitive, 9125A – red sensi-
tive), which are operated in photon counting mode (see Fig.
1). In all time-dependent measurements the photon counts
are recorded with a multi-channel scaler (7882 Dual-Input-
Multiscaler, ComTech), operated at its minimum channel
dwell time of 1.25 ms, over a total time interval of 81.92 ms
(which is 2.3 times longer than the triplet lifetime tT 35
ms). Typical count rates varied between 400 and 4000 counts
s1 depending on the temperature. Accumulation times for
decays were of the order of 10–13 h. The dead time of chopper
3 is 2.5 ms. A beam-splitter (> 90% reflection 370–470 nm,
> 90% transmission 490–750 nm) in the detection beam does
not only spatially, but also spectrally separate the emission
into wavelength regions corresponding to the (delayed) fluor-
escence and phosphorescence of anthracene. The final wave-
length selection is achieved by means of a bandwidth filter
(> 50% transmission 370–380 nm) in the detection path of
the delayed fluorescence and a cut-off filter (RG665 – thickness
2 mm, in the phosphorescence path). The corrected spectrum
of the prompt fluorescence of anthracene in ct-DMCH is
shown in Fig. 2 together with the corresponding absorption
spectrum at room temperature.
The measurement of spectra
Emission spectra are measured using a spectrograph (Chro-
mex, 500IS/SM) in combination with a CCD camera (Photo-
metrics, SDS 9000). In Fig. 1 the position in the setup is
indicated, where the prompt fluorescence (PF), the delayed
fluorescence (DF) or the phosphorescence (PH) can be col-
lected with a broad-band light-guide, which is connected to
the entrance slit of the spectrograph. The accumulation time
for the prompt fluorescence spectrum was 1 min. A cali-
bration lamp was used to correct for the spectral intensity
dependence of the light guide, the spectrograph and the
CCD-camera.
The cooling of the sample
The sample was placed into a home-built (liquid N2) cryostat
and its temperature was controlled with an auto-tuning PID
temperature controller (Model 330, Lake Shore Cryotronics).
The temperature was measured with an absolute accuracy of

0.1 K using a calibrated Pt-100 resistor (Pt-103-14L). The
constancy of the temperature was better than 
0.05 K over
the duration of a measurement of the delayed fluorescence.
3. The time dependence of the delayed fluorescence
The time dependence of the delayed fluorescence IDF can be
directly obtained from the time dependence of k2A for appro-
priately chosen experimental conditions, based on the kinetic
model introduced above (see also ref. 3). As long as the initial
triplet concentration [T1]0 is sufficiently small, the contribution
of TTA to the total triplet decay is insignificant, i.e.
kT k2A(1)[T1]0 , and the time-dependent intensity of the
delayed fluorescence can be written in the form
IDFðtÞ ¼ Ck2AðtÞ½T120expð2kTtÞ; ð12Þ
where k2A(t) is given by eqn. (11) and C ¼ C(FS) is an experi-
mental factor that depends on the fluorescence quantum yield
FS (among other variables). The most important aspects to
determine all relevant kinetic quantities by numerically calcu-
lating k2A(t) and fitting eqn. (12) to measured curves of the
time-dependent delayed fluorescence will be described in the
following. The objective is to determine (i) the effective annihi-
lation radius RA and the relative diffusion coefficient D of
anthracene in T1 , which are associated with Smoluchowski’s
original model, (ii) the Fo¨rster radius RST in the initial condi-
tion eqn. (7), which governs the anti-Smoluchowski region of
IDF(t)
4 (RSS cannot be determined in the case of long-pulse
excitation, see below) and finally (iii) the triplet decay rate
coefficient kT :
For excitation with a long laser pulse, as in the present case
(see eqn. (7)), the time t ¼ 0 is not well defined and the genera-
tion of triplet pairs during the excitation process has to be
taken into account. In ref. 3 the exact shape of the excitation
pulse was not known from the experiments, however, a proper
analysis of IDF(t) including the build-up of the triplet concen-
tration during excitation was described by eqns. (36)–(39) in
ref. 3. The corresponding formalism is applied in this publica-
tion using the measured temporal quasi-rectangular profile of
the laser pulse (the inset in Fig. 4 shows the rectangular excita-
tion profile during the first chopper interrupt (homogeneous
excitation), which was monitored by the fraction of the strong
prompt fluorescence (PF) that leaked through chopper 3
towards the detector). From the excitation duration texc
30 ms and the lifetime** tS ¼ 6
 1 ns of S1 the parameter p
in the initial condition (eqn. (7)) can be calculated:3
p ¼ 1 (2tS/texc)þ 2(tS/texc)2[1 exp(texc/tS)] ¼ 0.9995. A
change of 
1 ns in tS would correspond to a deviation of
<1 104 in p. Therefore the measurement error of tS and
a possible slight decrease of the singlet lifetime over the tem-
perature region of interest16 are deemed negligible in this
study. The value of p is so close to unity, i.e. to the ultimate
long-pulse excitation limit, that the second term in the initial
condition, rA(r,0), is virtually zero and thus the Fo¨rster
radius, RSS , of S1–S1 energy transfer is in fact irrelevant
in the evaluation procedure of IDF(t) and cannot be
deduced. This is a consequence of the fact that S1  S1 pairs
are never precursors of T1  T1 pairs in the limit of long-
pulse excitation; S1–S1 energy transfer is therefore entirely
negligible in the present experiments.
In order to determine absolute values of the radii RA , RST
and the triplet decay kT by fitting eqn. (12) to an experimental
curve IDF(t), a simplex variation
17 was used, in which the
weighted sum of the squared deviations (least square error)
was minimized. The proportionality constant C 0  C(FS)[T1]20
in eqn. (12) was simply calculated in the minimization of the
least square error. For this approach the value of the diffusion
coefficient D of molecules in the triplet state must be known for
a given temperature. Known values of the absolute diffusion
coefficient9 D0 ¼ D/2 for a similar solvent at room tempera-
ture were used in calculations in previous work3,4 on TTA.
In refs. 3 and 4, D0 values were extrapolated with the
Stokes–Einstein equation to relevant low temperatures and
high viscosities, with an uncertainty of at least 
25%. In order
to remove this uncertainty, D0 must be determined from mea-
surements of IDF(t) taken under the same experimental condi-
tions. At first glance one would expect that D0 could simply be
obtained in the simplex fit of eqn. (12) to the measured time
dependence of the delayed fluorescence, if all relevant quanti-
ties used in the Smoluchowski model, i.e. D ¼ 2D0 , RA , RST
and kT , are treated as free parameters (at a given temperature
for p 1). However, since k2A(t) is a function of the ratio
R2A/D and the parameters D and RA never occur individually
in eqn. (11), there is a very strong correlation of D and
RA . One way of eliminating this strong D$RA correlation
is to determine relative diffusion coefficients in measurements
with a modified excitation scheme. Upon spatially periodic
** The value of tS was measured in a separate experiment using
a short-pulse N2-laser pumped dye laser, using a fast photodiode
(rise-time <1 ns) and oscilloscope (Tektronix, TDS 3052, 500 MHz).
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excitation (in the following denoted with the acronym ‘per ’) of
the sample with two interfering laser beams, as opposed to
conventional homogeneous excitation (abbreviated ‘hom’)
measurements, a spatially-periodic distribution of triplet state
molecules is generated.7 The evaluation procedure to deter-
mine D from the time dependence of IDF under these condi-
tions, which essentially minimizes the extent to which D and
RA correlate, is based on the fact that diffusion only affects
the amplitude of the deviation from the average spatial triplet
concentration. The published analysis procedure (ref. 9, sec-
tion 2.1) requires an adequate modification in the present case
for the following reason: According to Smoluchowski, the
relative spatial distribution of triplet state molecules will
change due to TTA itself. The time-dependent local distribu-
tion rA(r,t) of triplets in the neighbourhood of a selected triplet
molecule deviates significantly from the average spatial con-
centration of triplets. Even in the stationary state, where the
relative concentration is rA(r,1) ¼ 1RA/r according to
Smoluchowski, the deviation from the spatial average is still
significant at r ¼ 10RA . This effect becomes only negligible
for large spatial periods d 1000RA . Hence, due to the
temporal change of rA(r,t) in Smoluchowski’s theory the
time-dependent rate coefficient k2A(t) should be used in case
of spatially periodic excitation, rather than the inadequate sta-
tionary value k2A(1) used in 9 (see assumption (d) on page 506
in ref. 9). In the following a modified expression for k2A(t) (see
eqn. (11)) will be derived for the case of spatially periodic exci-
tation, which can be used to determine absolute values of D0
by fitting eqn. (12) to the measured time dependence of the
delayed fluorescence.
Spatially periodic excitation
We consider the excitation of a sample with a standing wave of
period d, which in practice is based on the incomplete interfer-
ence of two laser beams with a phase shift y, propagating along
a defined direction z. The arising periodic concentration cT(z)
of triplet molecules under these excitation conditions is given
in a normalized form by




as graphically shown in Fig. 3. The incomplete interference is
accounted for by the parameter b, which can take values
between 0 (no interference), corresponding to spatially entirely
homogeneous excitation, and 1 (full interference - normalized),
corresponding to spatially entirely periodic excitation. The
average normalized concentration cperT (r) of triplet molecules
at distance r has to be derived from eqn. (13) using the initial
condition in eqn. (7). For that purpose we consider a triplet
molecule in an arbitrary position relative to the periodic inter-
ference pattern, which corresponds to an arbitrary value of the
phase difference in the range 0 y d. Assuming the selected
triplet molecule to be in the origin of a spherical coordinate
system, the sought relative concentration cperT (r) at distance r
can be found by integration of cT(z) over a sphere of radius
r around the selected triplet molecule and subsequent aver-
aging over all phases y within one period d, allowing for the
relative probabilities for different values of y to occur. The
resulting distribution is given by








an example of cperT (r) is shown in Fig. 3. For an adequate
modification of the second-order rate constant k2A(t) which
takes the spatially periodic excitation into account rA(r,0)
in eqn. (11b) must simply be multiplied by cperT (r). The inte-
gral in eqn. (11b) can then be solved analytically in the case
of the original Smoluchowski initial condition eqn. (6) and an


















Eqn. (15) is valid to describe the time dependence of the
delayed fluorescence in a time interval which is governed by
the original Smoluchowski behaviour, i.e. in the tail of IDF(t).
If the delayed fluorescence in the time range governed by
anti-Smoluchowski behaviour is considered,4 the modified
boundary condition rA(r,0) in eqn. (7) must be applied and
the factor f in eqn. (11) must be taken into account. In this
case
k2AðtÞ ¼ 4pDRA½ghom2A ðtÞ þ gper2A ðtÞ; with ð16Þ
Fig. 3 (a) Illustration of spatially periodic excitation (cT vs. z) with
period d, phase shift y and a fraction b ¼ 0.8 of a spatially homoge-
neous background according to eqn. (13). Parameter values: d ¼ 100
nm, y ¼ 20 nm, b ¼ 0.8. (b) Average relative concentration cperT of
triplet molecules at a distance r from a selected triplet molecule upon
spatially periodic excitation according to eqn. (14). Parameter
values: d ¼ 100 nm, b ¼ 1.
yy Eqn. (15) is an approximate solution of eqn. (11) for spatially
periodic excitation in case of Smoluchowski’s original initial
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where ghom2A (t) and g
per
2A (t) represent the time-dependent parts
of k2A(t) resulting from spatially homogeneous and periodic
excitation respectively. Eqn. (16) cannot be calculated analy-
tically and the integrals must be evaluated numerically. This
approach was taken by us for the analysis of delayed fluores-
cence data, which were measured upon spatially periodic
excitation. The experimental results obtained upon spatially
periodic excitation, however, were not as satisfactory as
expected for the following reasons:
(A) Different from the method used in ref. 9, a standing
wave inside the sample was created by back-reflecting the laser
beam off the wall of an especially coated cuvette, which is
highly reflecting at 363 nm on one side. Considering the coher-
ence length of 5 cm of the laser light, it was expected to gen-
erate an interference pattern in the form of a standing wave
with a spatial period of d ¼ l(2n)1 under these conditions;
n(l,T ) is the refractive index of the solvent at l ¼ 363 nm in
the respective temperature range, which is accurately known
from temperature dependent measurements published else-
where.18 Although the interference cannot be expected to be
complete, it turned out, that the (fit) parameter b in eqn.
(16b) was particularly low, varying between 0 and 0.3
(4.5% effect). Since in approximately half of the measure-
ments interference effects of less than 5% were obtained the
temperature dependent results are not as reliable as previously
expected. The problem of an insufficient interference could not
be overcome experimentally, even when an experimental
arrangement such as in ref. 9 was used. Although the interfer-
ence effect was improved to 30% by this approach (theoreti-
cally 50% effects are possible upon full interference – see eqn.
(15) for b ¼ 1), the detection setup was not designed for that
particular excitation geometry and the measured time depen-
dence of the delayed fluorescence was very noisy and hence
the analysis results were again severely affected.
(B) With the known refractive index of ct-DMCH at low
temperatures (see ref. 18) the spatial period d was calculated
to be 119 nm, which is a factor of 100 larger than RA ,
and hence may not be sufficient to entirely satisfy the criterion
dRA .
In conclusion, if a sufficient interference effect can be
achieved together with a very good signal-to-noise ratio in
measurements of the delayed fluorescence, the outlined proce-
dure should yield values of D0 of anthracene in T1 with an
accuracy better than 
10%.
4. Results and discussion
In all time-dependent measurements the emission was mea-
sured for 81.9 ms with a step size of 1.28 ms (65 000 data-
points). All data were rate-corrected, and dark counts were
subtracted from the measured luminescences. Data-points that
were recorded at times when the detection beam was disrupted
by chopper 3 were removed, and the number of points per
curve was further reduced by summing over ten adjacent
data-points. In that way the signal-to-noise ratio was increased
from 25 to 125 in case of the delayed fluorescence. Typical
measurements of the time-dependent delayed fluorescence,
IDF , of anthracene in ct-DMCH at 136 K are shown in Fig.
4 for spatially homogeneous (IDF(hom)), and spatially periodic
(IDF(per)) excitation of the sample. IDF(per) was normalized to
the value of IDF(hom) at 10 ms (vertical arrow in Fig. 4) in order
to demonstrate the different emission response for the two exci-
tation conditions. Spatially periodic excitation resulted in a
3.5% effect in the present case. The mean deviation of the cor-
responding fit parameters, which are listed for IDF(per) and
IDF(hom) in the figure caption, is less than 2% (also see Tables
1 and 2). The time axis in Fig. 4 is displayed logarithmically in
order to illustrate the transition from the initial anti-
Smoluchowski behaviour of the time dependence, where
k2A(0)/k2A(1) 1 (the initial intensity increase4), to the part
of the curve, which is entirely governed by Smoluchowski tem-
poral behaviour, characterized by k2A(0)/k2A(1) 1 (the tail
of the curve); see refs. 3 and 4. The transition from the anti-
Smoluchowski to the Smoluchowski temporal behaviour of
IDF is fully accounted for by k2A(t) according to eqn. (11),
which is based on the modified initial condition for the relative
concentration of reactive particles rA(r,0) in eqn. (7). The fact
that ‘‘flawless ’’ anti-Smoluchowski behaviour is observed indi-
cates that disturbing emissions due to anthracene microcrystals
Fig. 4 Semi-logarithmic plot of the time dependence of the delayed
fluorescence (DF) of anthracene in ct-DMCH at 136 K upon spatially
periodic (per) and homogeneous (hom) excitation. Upper graph: mea-
sured intensities, IDF(per) (upper trace) and IDF(hom) (lower trace), as
well as the calculated intensity values IDF,cal , for each curve. Fit para-
meters used in eqn. (12) – per: kT,DF ¼ 28.90 s1, D0 ¼ 22 795 nm2 s1,
RA ¼ 0.92 nm, RST ¼ 4.13 nm; hom: kT,DF ¼ 28.91 s1, D0 ¼ 22 237
nm2 s1, RA ¼ 0.95 nm, RST ¼ 4.08 nm). IDF(hom) was normalized to
IDF(per) at times larger than 10 ms indicated by the dotted vertical




for fits of measurements ‘per ’ and ‘hom’. The interrupts created by
chopper 3 have been eliminated from the plots. Insert upper graph:
First 200 ms of the DF(hom) in a linear plot (first chopper interrupt).
The signal in the first 30 ms is due to strong prompt fluorescence (PF)
leaking along the detection beam during closure of chopper 3.
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are not present and that recombination fluorescence based on
UV multi-photon ionization is negligible, as expected in the
case of long-pulse excitation.
The upper graph in Fig. 4 also shows the calculated intensi-
ties, IDF(cal) , which result from a fit of eqn. (12) to the respec-
tive measured curves applying eqn. (16) for the calculation of
k2A(t) with appropriate parameters for the respective excita-
tion scheme. The lower part of Fig. 4 shows the weighted resi-
duals, DDF(k) ¼ (IDF(k) IDF(cal))/I
1
2
DFðkÞ (k ¼ hom, per) of the
fits to demonstrate the quality of the least square minimiza-
tion. The new custom-designed fitting program for eqn. (12)
takes all aspects of the modified Smoluchowski model for
TTA into account and therefore surpasses previous analysis
procedures in several ways, which are briefly outlined in the
following:
(a) In the present study the relative diffusion coefficient D at
136 K (Fig. 4) follows from the analysis of IDF(per) . Its value
was determined with an uncertainty of approximately 
10%
and estimates of start parameters D(t) for fits are based on this
value. This represents an improvement in comparison to refs. 3
and 4 where room-temperature values of D for anthracene in
methylcyclohexane9 were extrapolated with the Stokes–
Einstein equation to the temperature region of interest. Due
to this extrapolation and the fact that the diffusion coeffi-
cient was only known for a similar solvent, the uncertainty
of D used to be at least 
25%.
(b) In the present work RST is a variable parameter for all
temperatures and follows from the analysis of IDF(t). In ref.
3 the Fo¨rster radius RST was deduced to be 4.2 nm from the
anti-Smoluchowski behaviour at only one particular tempera-
ture and then assumed to be temperature-independent in the
temperature range of interest.
(c) The initial part of the delayed fluorescence, which is gov-
erned by an anti-Smoluchowski time dependence, is very short
Table 1 Parameters anthracene in ct-DMCH; T: temperature; Z: viscosity of ct-DMCH;12 DSE : absolute diffusion coefficient of triplet anthracene
calculated with eqn. (17) and r ¼ 0.16 nm, based on spatially periodic excitation. D0 : absolute diffusion coefficient of triplet anthracene. RA : effec-
tive annihilation radius. km2A(1): steady-state rate coefficient for TTA according to the modified Smoluchowski model (m ¼ Smol) and obtained
from the empirical parameters A and L according to Butler and Pilling (m ¼ BP). X: Obtained through fit with DSE fixed (weighting applied), S: fit
with weighting procedure, *: fit without weighting procedure. Fo¨rster radius for singlet-singlet energy transfer RSS ¼ 5.0 nm for all data. All
measurements are in the long-pulse excitation limit p ¼ 0.9995 (see initial condition (7) and eqn. (24) in ref. 3)











134 2.57 11 937 11 787 10 775 1.207 0.90 0.89 1.18 2.69 3.39
135 3.60 16 821 16 511 15 612 1.216 0.87 0.86 1.08 3.67 4.67
136 4.97 22 237 22 795 21 208 1.165 0.95 0.96 1.07 5.31 6.07
137 6.76 30 478 31 005 28 603 1.174 0.91 0.92 1.04 6.95 8.14
138 9.08 38 091 41 645 37 598 1.092 0.99 1.04 1.05 9.50 10.02
139 12.05 49 623 55 267 49 920 1.072 1.04 1.10 1.03 12.99 12.82
140 15.79 63 161 72 421 64 148 1.041 1.03 1.10 1.03 16.30 16.04
141 20.48 83 471 93 931 83 651 1.061 0.99 1.03 0.99 20.67 20.78
142 26.28 105 415 120 533 107 957 1.044 0.93 0.99 0.96 24.51 25.80
143 33.39 125 899 153 143 134 748 0.982 0.98 1.08 0.10 30.97 30.41
144 42.04 152 164 192 816 174 549 0.942 0.96 1.07 1.01 36.78 36.23
145 52.45 196 632 240 562 238 243 0.976 0.93 1.03 1.03 45.72 45.90
146 64.90 246 251 297 663 366 788 0.988 0.90 0.99 1.13 55.62 56.48
147 79.67 283 344 365 406 487 461 0.926 0.91 1.03 1.20 64.66 64.27
148 97.08 344 893 445 257 672 035 0.925 0.89 1.01 1.29 76.97 77.01
149 117.47 449 026 538 775 928 430 0.995 0.88 0.97 1.40 99.78 98.14
150 141.19 580 050 647 565 126 67303 1.070 0.91 0.96 1.51 132.75 124.15
Table 2 Parameters for anthracene in ct-DMCH. T: temperature. kT,DF,(S,X,*), kT,PH(L): first-order triplet-decay rate constant as obtained from
the time dependence of the delayed fluorescence and the decay of the phosphorescence at 670 nm, respectively. RST : Fo¨rster radius for singlet-tri-
plet energy transfer; o: obtained through fit with DSE fixed (weighting applied), S: fit with weighting procedure, *: fit without weighting procedure.
Fo¨rster radius for singlet–singlet energy transfer RSS ¼ 5.0 nm for all data. All measurements are in the long-pulse excitation limit p ¼ 0.9995 (see








134 52 140 28.86 28.86 28.65 28.84 3.99 3.96 4.26
135 37 500 28.90 28.90 28.77 28.87 3.96 3.92 4.17
136 27 364 28.91 28.91 28.83 28.90 4.08 4.13 4.20
137 20 266 29.01 29.01 28.90 28.94 4.05 4.10 4.17
138 15 198 28.97 28.97 28.93 28.97 4.14 4.32 4.21
139 11 535 28.97 28.97 28.99 29.01 4.23 4.46 4.21
140 8866 29.02 29.02 29.02 29.05 4.21 4.51 4.24
141 6885 29.08 29.08 29.08 29.08 4.18 4.41 4.20
142 5403 29.14 29.14 29.13 29.12 4.10 4.39 4.21
143 4283 29.16 29.16 29.17 29.17 4.19 4.68 4.30
144 3425 29.22 29.22 29.23 29.23 4.18 4.69 4.45
145 2765 29.28 29.28 29.28 29.25 4.09 4.57 4.56
146 2250 29.35 29.35 29.34 29.31 4.11 4.52 5.10
147 1845 29.39 29.39 29.39 29.35 4.16 4.72 5.49
148 1525 29.47 29.47 29.45 29.42 4.12 4.68 5.92
149 1268 29.56 29.56 29.53 29.46 4.18 4.58 6.53
150 1062 29.62 29.62 29.59 29.50 4.29 4.53 7.08
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in comparison to the time range that is dominated by a
Smoluchowski time dependence. The quality with which the
initial part of IDF(t) is described in a fit of eqn. (12) affects
the accuracy with which RST can be determined. Therefore
the measured curve was divided into nine time sections, which
increased monotonically in size and were weighted differently
in the fit. The size of the first section was chosen according
to the time where IDF(t) reached approximately half of the
maximum intensity value, the size of each following section
(with increasing time) was iteratively doubled and adapted to
the overall duration of the measurement by a scaling factor.
The weighting factors of the nine sections were chosen such
that the number of data-points per section multiplied by the
weighting factor of the section was constant. Hence the relative
sizes of the sections determine their weighting, and the empha-
sis is thus put on the initial data-points, for the size of sections
increases monotonically. The importance of the weighting pro-
cedure for balancing the impact of the time ranges of anti-
Smoluchowski and Smoluchowski temporal behaviour on the
data statistics will become apparent in the result section, where
the information, which can be extracted from the time
dependence of the delayed fluorescence in form of kinetic
parameters, will be discussed.
Owing to this improvement the values of the parameters RST
and RA do not any longer depend systematically on the time
interval in which IDF(t) is evaluated as opposed to the proce-
dure in 3 (details will be given in the next subsection – see also
Fig. 9).
(d) In ref. 3 the first-order triplet-decay rate constant kT was
obtained from the decay of the phosphorescence at 670 nm and
subsequently used as a fixed parameter in the analysis of IDF .
In the present work also kT is a variable parameter and follows
from the analysis of IDF ; kT will be compared to values of the
triplet decay rate constant obtained from the monoexponential
decay of the phosphorescence. It serves as a measure for the
validity of the modified Smoluchowski model. Fig. 5 shows
the phosphorescence, IPH(hom)(t) and IPH(per)(t), of anthracene
in ct-DMCH at 136 K, which were measured simultaneously
to IDF(hom)(t) and IDF(per)(t), respectively. A single exponential
was fitted to the phosphorescence data in order to calculate
IPH,cal , for the respective decays, shown in the upper part of
Fig. 5. The lower graphs of Fig. 5 show the weighted residuals,
DPH(k) ¼ (IPH(k) IPH(cal))/IPH(k) (k ¼ hom, per) of the fits to
demonstrate the quality of the least square minimization.
The kinetic parameters and their temperature dependence
For all temperature dependent fits the start values of the vari-
able fit parameters were RA ¼ 1.0 nm, RST ¼ 4.0 nm, kT ¼
29.0 s1, and D ¼ 2DSE based on the results of D0 from the
spatially periodic excitation at 136 K. The start value for the
parameter b was set to 0.2 in the case of periodic excitation.
Fixed parameters were p ¼ 0.9995, RSS ¼ 5.0 nm (practically
irrelevant), and d ¼ l(2n(t))1 119 nm for spatially periodic
excitation. The time dependence of the delayed fluorescence
and phosphorescence of anthracene in ct-DMCH was studied
between 134 and 150 K in steps of 1 K. Over this temperature
range the viscosity Z of the solvent changes by two orders of
magnitude12 (see Table 1). The absolute values of the kinetic
parameters obtained, listed in Table 1 and 2, will be discussed
in turn:
The relative diffusion coefficient, D. The role of the relative
diffusion coefficient D as a function of temperature is a key
for the discussion of the applicability and validity of Smolu-
chowski’s model to diffusion controlled TTA. The following
procedures to determine D(t) were used and the results are
shown in Fig. 6: At first values of D were determined upon spa-
tially periodic excitation at 136 and 142 K from which an
‘effective ’ radius r (¼ 0.16 nm) was derived assuming the
Stokes–Einstein (SE) equation,
D=2 ¼ DSE ¼ kBTð6pZrÞ1; ð17Þ
for spherical particles of radius r to be valid in this temperature
regime (k is the Boltzmann constant). With r, the temperature
dependence of the (absolute) diffusion coefficient DSE was cal-
culated with eqn. (17) (open circles ‘X ’ and dashed line in Fig.
6, column 4 in Table 1). The calculated values 2DSE served as
start parameters for D in the evaluation of curves obtained
upon spatially homogeneous excitation. This approach was
taken due to the very strong correlation of D and RA . It is
expected that the calculated start parameters, 2DSE , are very
close to the ‘ true ’ diffusion coefficients 2D0(t), which minimize
the sum of the squared deviations (w2) in the simplex
variation.zz In other words, the D$RA correlation becomes
insignificant by starting the fit as close as possible to the true
w2 minimum. D0 of anthracene in T1 in ct-DMCH between
134 and 150 K, derived from curves measured upon spatially
homogeneous excitation, follows an Arrhenius-like tempera-
ture dependence and can be empirically represented by
log10ðD0=nm2 s1Þ ¼ ð19:39594
 0:17133Þ
 ð2045:72319
 24:28507 KÞ=T ð18Þ
Fig. 5 Phosphorescence (PH) decay of anthracene in ct-DMCH at
136 K upon spatially periodic (per) and homogeneous (hom) excita-
tion. PH simultaneously measured with DF in Fig. 4. Upper graph:
traces of measured intensities, IPH(hom) and IPH(per) , as well as calcu-
lated values IPH,cal ¼ APHexp(kT,PHt) for both decays. Fit para-
meters hom: APH ¼ 46 510
 15 counts and kT,PH ¼ 28.895
 0.007
s1; per: APH ¼ 37 303
 13 counts and kT,PH ¼ 28.875
 0.008 s1;
Difference in kT equals 0.07%. Lower graphs: weighted residuals
DPH ¼ (IPH  IPHF,cal)/IPH for fits of measurements hom and per.
The interrupts created by chopper 3 have been eliminated from the
plot.
zz Note that the corresponding quantities DSE (calculated) and D0
(from fit) are absolute diffusion coefficients of triplet molecules,
whereas D (2D0) in Smoluchowski’s equation is the relative diffusion
coefficient of two molecules in the triplet state, which is varied in
the fit.
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with a standard deviation of the fit of 0.0244 (column 1 in
Table 1). Values of the absolute diffusion coefficient are shown
in Fig. 6 (solid circles ‘S ’). The solid line in Fig. 6 shows a fit
of eqn. (17) to D0 as a function of T/Z (solid line) yielding an
effective particle radius of r ¼ 1.9
 0.1 A˚, which is quite close
to a value found for triplet anthracene in hexane at higher tem-
peratures.9 For non-spherical solute molecules eqn. (17)
should in principle reproduce the measured values of D0 within
a factor of 2
1,9 if the sizes of solvent and solute molecules are
similar and an appropriate value for r is applied. This criterion
holds for the temperature range in this study, although devia-
tions from the Stokes–Einstein law become apparent at low
temperatures. It is known that significant deviations from
the Stokes–Einstein equation, which cannot be determined
a priori, exist for aromatic molecules.19 The bottom panel of
Fig. 6 shows the ratios D0/DSE , where the solid circles demon-
strate the deviation of the description of D0 with respect to the
Stokes–Einstein equation. The open circles illustrate the
change from the start parameters (derived from the measure-
ments upon spatially periodic excitation) in the evaluation pro-
cedure, which is between a factor 0.8 and 1.0 for all but the
lowest two temperatures. Below 138 K the ratio D0/DSE
remains significantly larger than unity and finally drops at
the lowest measured temperatures. Since the approximation
of anthracene as a spherical molecule seems to be justified at
higher temperatures, the most likely explanation for this devia-
tion at low temperatures is the invalidity of the Stokes–
Einstein law in this temperature region where structural
changes of the solvent in the vicinity of the glass transition
start to play a role. Due to the increase in viscosity of ct-
DMCH by a factor of 100 over the studied temperature
range the diffusion properties of the system are likely to be
affected. (The accuracy of the viscosity data is better than

2% in this temperature region12). In a critical temperature
range, whose onset may well be covered by our measurements,
translational diffusion may be sustained by areas of free
volume forming in the cooling (contracting) process of the
liquid20,21 and thus leading to an increase in D0/DSE . A perfect
agreement with the Stokes–Einstein equation over the entire
temperature region can therefore not be expected. Due to the
remaining uncertainty of values of the diffusion coefficient,
the temperature dependenceD(T ) alone is in fact inappropriate
to corroborate the validity regime of Smoluchowski’s theory in
the context of our experiments concerning the kinetics of TTA.
The importance of weighting data in the fit procedure for the
value of D0 is also demonstrated in Fig. 6: The stars in the
upper graph correspond to values of D0 obtained without
weighting in the fit (column 5 in Table 1), and in the lower
graph to the ratio D0(with weighting)/D0(without weighting).
It is obvious that the weighting is certainly essential to fully
account for the initial condition eqn. (7) at higher tempera-
tures, where the fits without appropriate weighting procedure
become much worse resulting in a very substantial deviation
of D(T ) from a Stokes–Einstein behaviour. At lower temp-
eratures, where the anti-Smoluchowski behaviour takes up a
considerable part of IDF(hom)(t), fits without weighting the
data seem to yield satisfactory results.
(The use of symbols in the remaining text will be according
to the different evaluation procedures of IDF(t) outlined in this
section. Open circle ‘X ’: absolute diffusion coefficient DSE of
anthracene in T1 calculated with r ¼ 0.16 nm in eqn. (17) as
derived from measurements upon spatially periodic excitation
(DSE is fixed in the fit). Solid circle ‘S ’: Value of DSE is used as
start parameter, however all parameters are varied and the
weighting procedure is applied. Star ‘* ’: Value of DSE is used
as start parameter, however all parameters are varied but no
weighting procedure is applied.).
The rate coefficient of the triplet decay, kT. Since the time
dependence of the delayed fluorescence of anthracene in ct-
DMCH was measured simultaneously to the phosphorescence
decay, the comparison of the first-order triplet decay rate coef-
ficient kT as determined independently from both measure-
ments is a very convenient way to evaluate the temperature
regime in which Smoluchowski’s modified theory is well
applicable to TTA. Fig. 7 shows kT,DF (¼ kT as determined
from the delayed fluorescence) and kT,PH (¼ kT derived from
the monoexponential phosphorescence decay) as a function of
temperature. The agreement between the values of kT,DF and
kT,PH is so good that the average deviation over the entire tem-
perature range is smaller than 
0.17%. For half of the tem-
peratures the correspondence is better than 0.1% (lower
graph in Fig. 7). This quite impressive accuracy shows the
applicability of Smoluchowski’s theory over most of the tem-
perature range of interest. Only at the lowest temperatures
the viscosity is so high that the assumption of TTA being diffu-
sion controlled may no longer be valid. Of all relevant para-
meters the triplet decay is the most independent one in terms
of parameter correlation. For instance, fixing the diffusion
coefficient at its start value 2DSE (Fig. 6) in the fit procedure,
as opposed to varying it, results in a change of kT of maximal

0.04% at all temperatures, as long as a weighting procedure is
applied. The stars in Fig. 7 again represent values of kT,DF that
were obtained without applying the weighting procedure in the
fit. The deviation from kT,PH increases as the time dominated
by anti-Smoluchowski behaviour at low temperatures
increases due to slowing diffusion, i.e. less data-points are
available from which information on kT can be extracted. In
ref. 3 kT was not even treated as a variable fit-parameter. A
summary of values found for kT are listed in columns 3–6 in
Table 2.
Fig. 6 Plot of D0 (¼ D/2) vs. T/Z. The open circles (X) represent
absolute diffusion coefficients, DSE , calculated with the Stokes–
Einstein (SE) equation using an effective particle radius reff ¼ (1.60

0.03) A˚, which was derived from a measurement of IDF(per) at 136 K
(Fig. 3). These values were used as start parameters in fits of eqn.
(12) to IDF(hom)(t), from which the values of D0 (solid circles, S) are
derived. An effective particle radius reff ¼ (1.91
 0.03) A˚ in the
Stokes–Einstein relationship was determined from the slope of the
straight solid line (—). The stars (*) represent D0 values obtained in fits
without weighting procedure. The lower viewgraph shows the ratios of
diffusion coefficients in the upper graph: Solid circles ¼ (S/solid line),
open circles ¼ (S/X), stars ¼ (S/*). The (interpolated) viscosity
values Z were taken from ref. 12.
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The Fo¨rster and the effective annihilation radii, RST and RA.
The values of the parameters RST and RA do not (any longer)
depend systematically on the time interval fi ¼ (t1 ,t2) in which
IDF(t) is evaluated as opposed to the procedure in ref. 3. Evi-
dence for this improvement is given in Fig. 8, where IDF(t) at
141 K was analysed in five different time intervals f1 ¼ (0.05,
81 ms), f2 ¼ (0.05, 56 ms), f3 ¼ (0.05, 27 ms), f4 ¼ (0.05, 9.9
ms) and f5 ¼ (0.05, 3.1 ms), the results are summarized in
Table 3. There are two reasons why the fit parameters RST
and RA do not depend critically on the time range in which
the delayed fluorescence is evaluated: (i) The binary approxi-
mation for the TTA is valid under the present experimental
conditions as opposed to ref. 3, where a breakdown of the bin-
ary approximation at high temperatures could not be ruled
out. This is not surprising since the maximum initial triplet
concentration [T1]0 was estimated in the experimental section
to be 100 times lower than in ref. 3, and hence for all tem-
peratures the validity condition kT k2A(1)[T1]0 for eqn.
(12) holds (even at 150 K the ratio kT/(k2A(1)[T1]0) 700).
Additionally the anthracene concentration was somewhat
lower than in ref. 3 such that saturation effects are certainly
negligible. (ii) The implementation of the weighting procedure
also essentially improved the data evaluation. Small changes in
the time dependence of k2A(t) can cause significant changes in
the parameter values. The behaviour of k2A(t) normalized to
k2A(1) is shown in the insert in Fig. 8 for the first millisecond
only. On one hand the entire information on RA is contained in
the small deviation of k2A(t) from k2A(1) in the time regime of
Smoluchowski behaviour. At all temperatures more than 97%
of the data-points of IDF(t) are in that time regime (not shown
in the insert in Fig. 8). It should therefore be possible to use the
temperature dependence of RA as another indicator for the
validity regime of the modified Smoluchowski approach. On
the other hand RST can only be evaluated accurately, if the
entire anti-Smoluchowski time regime is taken into account.
The new weighting procedure balances this difficulty, certainly
at medium to high temperatures in the present study. In order
to appreciate the quality enhancement of the fit procedure,
the residuals and ratios f1/fi (i ¼ 2–5) in Fig. 8 ought to be
compared with Fig. 11 in ref. 3.
Based on Smoluchowski’s original model, D is the only
parameter that necessarily depends on the temperature. The
steady state value of the average distance at which TTA takes
place, RA(1), is in first approximation expected to be indepen-
dent of the temperature as well as the Fo¨rster radius RST .
However, as already experimentally indicated in refs. 3 and
4, RA and RST slightly decrease with increasing temperature.
This result is experimentally corroborated in this study. Both
radii as obtained from evaluations of IDF(hom)(t) are shown
as a function of temperature in Fig. 9. The choice of all sym-
bols in Fig. 9 is in line with that for Fig. 6, both figures are
Fig. 7 Temperature dependence of the triplet decay rate constant kT
as obtained from the fit of eqn. (12) to the time dependence of the
delayed fluorescence (kT,DF , solid circles, hom) in comparison with
values obtained directly from the phosphorescence decay (kT,PH , solid
squares). The stars represent values of kT,DF that were obtained
without applying the weighting procedure in the evaluation of IDF(t).
The lower graph represents the difference between kT,DF(S) and
kT,PH(L) in percent.
Fig. 8 (a) Time dependence of the intensity IDF(hom) of the delayed
fluorescence from anthracene in ct-DMCH at 141 K. Calculated curves
are actually included in the graph according to fits in different time
intervals fi ¼ (0.05, 56 ms) (0.05, 27 ms) (0.05, 9.9 ms) and (0.05, 3.1
ms), parameter values are listed in Table 3; (b) residuals
DDF ¼ (IDF IDF,cal( fi))/I
1
2
DF for ranges f2–f5 (the full range fit, f1 ,
as shown in Fig. 4 for T ¼ 136 K, is not displayed) (c) The calculated
curves f2–f5 are represented as ratios fi/f1 . Compare the quality of the
fits and the randomness of the deviations with Fig. 11 and Table 2 in
ref. 3 respectively.
Table 3 Dependence of the parameters RST and RA at 141 K on the
time interval (t1 ,t2) used for curve-fitting (see Fig. 8). All parameters
(RST , RA , D and kT) were treated as variable parameters in the
curve-fitting; s is the standard deviation of a fit
t1/ms t2/ms RST/nm RA/nm D/nm
2 s1 kT/s
1 s
f1(t) 0.056 81.91 4.18 0.99 166 941 29.08 1.9800
f2(t) 0.056 53.97 4.17 0.97 167 840 29.09 1.9726
f3(t) 0.056 26.97 4.16 0.97 167 623 29.09 1.9965
f4(t) 0.056 9.89 4.11 0.96 164 136 29.08 1.9458
f5(t) 0.056 3.08 4.21 0.99 170 389 28.78 1.8757
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based on the same fits. Even though D was fixed at Stokes–
Einstein values 2DSE (column 4 in Table 1) in one set of eva-
luations of IDF(hom)(t) (open circles), and varied in the other
(solid circles), the corresponding values for RA deviate by
not more than 10% (column 7 and 8 in Table 1), although
the quality (w2) of the fit remained virtually the same. Despite
the fact that the correlation of RA and D is not eliminated in
fits of IDF(hom)(t), the minimum w
2 yields values for D and
RA that are quite close to the start parameters of the fit since
the latter are based on the independent measurements with
periodic excitation of IDF . The temperature dependence of
the radii and their absolute values are in line with expectation.
The effective annihilation radius varies between RA 1.05 and
0.88 nm and gradually approaches the approximate encounter
distance (R 0.7 nm) at the highest temperatures measured.
The values of RA are in agreement with the range in which
the Dexter energy transfer mechanism22 (based on exchange
interaction) operates efficiently, since it requires a sufficient
overlap of the orbitals of the triplet state molecules for the spin
exchange. Since the Onsager radius, a, for the type of molecule
such as anthracene is of the order of 0.4–0.5 nm,23 the annihi-
lation radius RA is expected to be approximately of the size of
the Onsager cavity, hence 2a, which is in agreement with our
results. The values obtained for RST are similar but slightly
smaller than the ones observed in ref. 3; they vary between
4.2 and 4.0 nm, with exception at the lowest temperatures.
The radii RST 4.0 nm agree quite well with a value of 3.9 nm,
calculated with Fo¨rster’s equation (eqn. (13b) in ref. 4) using
known spectroscopic data (see Fig. 4 in ref. 4) for anthracene
in an alkane solvent. This agreement is relevant since for non-
polar solvents the Fo¨rster radius is not expected to depend
strongly on the solvent.
Due to the change of the diffusion behaviour owing to the
strong change in Z at the extreme temperatures in this study,
the time dependence of k2A as described by Smoluchowski’s
theory may be significantly affected at the highest and lowest
temperatures investigated. The temperature range in which
the current approach is valid is hence restricted to 149
K<T< 135 K. This becomes evident by the substantial devia-
tions of the radii below 135 K, i.e. at the highest viscosities.
For two measurements at T ¼ 133 and 132 K the kinetic para-
meters were not even physically meaningful any longer – these
measurements are not discussed in this paper. The restricted
validity regime at low temperatures could be caused by (i) a
genuine effect due to structural changes of the solvent, or (ii)
it may be due to the formation of microcrystals, which finally
may start to play a role if the sample is cooled to low tempera-
tures for very long periods of time.
The star symbols in Fig. 9 denote values of radii which were
obtained when all parameters are varied however without
applying the weighting procedure. Values of w2 obtained with
this type of evaluation are significantly worse at temperatures
> 145 K, and particularly the Fo¨rster radii RST increase in an
unphysical manner with increasing temperature. At low tem-
peratures, where the number of IDF data-points belonging to
Smoluchowski and anti-Smoluchowski behaviour are more
balanced, the parameters have physically reasonable values
and hence fits without weighting procedure become acceptable
if not superior (see also below).
TTA in terms of the model by Butler and Pilling10
In the previous section it was shown, that the time dependence
of the delayed fluorescence can be satisfactorily described by
the kinetic model based on Smoluchowski’s modified kinetic
theory, particularly if data for the determination of D through
independent measurements (such as spatially periodic excita-
tion of IDF) are available. This modified Smoluchowski model
can essentially be compared with an approach by Butler and
Pilling:10,24 In their model the energy transfer process of
TTA is assumed to be based on exchange interaction,22 with
a distance-dependent first order rate coefficient
kAðrÞ ¼ Aexpð2r=LÞ; ð19Þ
where A (frequency factor) and L (characteristic length) are
intrinsic empirical parameters of the system. Consequently
Fick’s second law and Smoluchowski’s boundary condition
eqn. (5) are replaced by24
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The new boundary condition eqn. (21), which implies that the
relative diffusion of triplet state molecules is restricted to dis-
tances r larger or equal to the encounter distance R, is well jus-
tified in viscous solution, since TTA occurs at distances r > R.
In ref. 3 eqn. (20) was solved numerically using the initial con-
dition (7) and boundary condition (21), and expressions were
derived for the normalized radial TTA rate density, vA(r,t),
the time-dependence of the second-order rate coefficient,
kBP2A(t), and the mean time-dependent intermolecular distance,
RBPA (t), for TTA (the superscript BP stands for the approach
by Butler and Pilling). The steady-state limit of RBPA (t) can be
described by2,24
RBPA ð1Þ  Reff ¼ L½gþ lnðAL2=4DÞ; ð22Þ
if the condition
ðAL2=DÞ1=2 expðR=LÞ  w0 > 2 ð23Þ
is satisfied (g is Euler’s constant ¼ 0.57721. . .). Eqn. (22) was
used to determine values for the parameters A and L in a plot
of RA vs. log10D as shown Fig. 10. According to eqn. (22) the
radii RA must decrease with increasing D. In Fig. 10 values of
RA and D are shown, which were determined between 150 and
134 K, using three different ways to evaluate IDF(t):
(A) The solid circles (S) were obtained by varying RA and D
(using Stokes–Einstein start-parameter values) and the out-
lined weighting procedure was applied. For temperatures
above 140 K, RA decreases as expected in the BP-model
for increasing D values. Below 140 K however, values of RA
Fig. 9 Upper data-points: RST vs. temperature. Lower data-points:
RA vs. temperature. The values of Ri (i ¼ A, ST) are derived from fits
of eqn. (12) to IDF(hom)(t) with start parameters D ¼ 2DSE (open circles
in Fig. 6). The solid and open circles correspond to results where D was
varied and fixed at 2DSE in the fully weighted fit, respectively. The
values corresponding to the star symbols were obtained with D varied
but no weighting of the fit. The vertical arrow (symbol X) indicates the
values obtained at 136 K from IDF(per)(t) (all parameters were varied
and the fit weighted).
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tend to decrease with decreasing D values. The latter,
unexpected behaviour according to the BP-model, can have
two reasons: (i) the observed deviation is an artefact, because
the weighting procedure as outlined above may overrate the
time range of anti-Smoluchowski behaviour at low tempera-
tures, hence a different empirical weighting may be required.
This explanation only follows from the expected behaviour
of RA according to eqn. (22). Other weighting methods are
necessary to clarify this point. (ii) Entirely diffusion controlled
conditions are unlikely to be present over the full temperature
range studied. Particularly at low temperatures, where devia-
tions from the Stokes–Einstein relationship indicate structural
changes in the onset of the glass-transition of the solvent (see
Fig. 6), TTA will increasingly be based on long-range energy
transfer rather than on exchange interaction (also see ref.
24). Deviations from eqn. (22), which represents the BP-model,
may thus be observed in this temperature regime. Photoselec-
tion, due to an anisotropic distribution of orientations of tri-
plet molecules immediately after excitation with polarized
laser light, does not have an effect on TTA in this investigation.
This becomes apparent considering the fact that the relative




smaller than the encounter radius R within the orientational
relaxation time tOR pR3Z/(12kBT ) (Debye–Einstein) of the
triplet molecules (if spherical particles are assumed).4 Since
RST and RSS are 4–5 times larger than Ldiff , mechanisms other
than long-range Fo¨rster energy transfer are not conceivable in
the anti-Smoluchowski time range. Hence all triplets are ran-
domly oriented at times of dominant Smoluchowski kinetics.
The significance of the molecules orientation is discussed in
detail in ref. 25.
(B) The open circles (X) correspond to fits where D ¼ 2DSE
was fixed to follow exactly Stokes–Einstein behaviour and only
RA was varied. Qualitatively RA(D) resulting from these fits
(open circles) follows the values of RA(D) discussed under
(A) (solid circles). However, the variations of RA(D) (open
circles) are larger, even in a temperature regime, which
yields ‘‘well-behaved’’ results in terms of the BP-model.
This difference is a consequence of the variation of D during
the fit and is evident by the difference between the solid and
the open circles in Fig. 6.
(C) The stars (*) were obtained by varying RA and D (using
Stokes–Einstein start-parameter values) and the weighting pro-
cedure was not applied. In this case the values of RA increase
with increasing temperature above 143 K in an unphysical
manner, which agrees with the fact that also no Stokes–Ein-
stein behaviour was obtained for the corresponding D values
in this temperature range (see stars in Fig. 6). Hence at high
temperatures the weighting procedure is essential for the cor-
rect evaluation of IDF(t). At low temperatures however, the
RA values follow the expected behaviour according to the
BP model. Approximately at the temperature where the fit
results obtained with the weighting procedure start to deviate
from the form of eqn. (22), the results obtained without the
weighting procedures continue to be conform with the BP
model (see (A) above).
The solid and dotted lines in Fig. 10 represent fits of eqn.
(22) to the data in ‘‘well-behaved ’’ regions (points with error
bars) that were obtained with full weighting between 149 and
140 K (solid circles), and without weighting between 135 and
143 K (solid squares). Generally eqn. (22) cannot be expected
to hold over the entire temperature range, even though its
application is in principle justified across the measured tem-
perature range according to eqn. (23), since the factor w0 is
always larger than 3 (even at T ¼ 150 K, w0 3.2, see Fig.
11) assuming a reasonable encounter distance of R 0.7 nm.
There is a temperature regime, where the fit results for RA
and D are insensitive to the nature of the start parameters
and weights used in the fit (139–144 K). Extrapolation of
eqn. (22) to higher and lower temperatures is however basically
impossible: At higher temperatures RA is naturally limited by
the encounter distance R 0.7 nm. TTA may also not be diffu-
sion-controlled any longer at low viscosities (T > 150 K).
Moreover, eqn. (22) may not be applicable any longer in its
present form when w0 approaches the value of 2. At lower tem-
peratures, i.e. high viscosities, effects resulting from the
increasing rigidity of the matrix can affect the diffusion proper-
ties of the system. Deviation due to gradual changes in the
annihilation mechanism will also play a role. Hence, for the
Fig. 10 Plot of RA vs. D (logarithmic scale). The circles correspond
to fit results of RA and D obtained with full weighting of different time
regions, the stars were derived without weighting. For all solid symbols
the start parameter for the diffusion coefficient (2DSE in Fig. 6) were
varied in the fit, the open symbols correspond to fixed start parameters
according to the Stokes–Einstein relationship. From the straight line
fitted to the experimental data using eqn. (22), values of A ¼
11.641 10(12
 0.8) s1 and L ¼ (0.142
 0.022) nm are derived for
the stars (dotted line, no weighting – fit region indicated); A ¼
9.576 10(12
 0.7) s1 and L ¼ (0.144
 0.018) nm are obtained for
the solid circles (solid line, full weighting – fit region indicated). The
measurements at the extreme temperatures 134 and 150 K are indi-
cated for the different evaluation procedures. The standard deviation
of the fit is 0.0247. The vertical and horizontal error bars correspond
to the uncertainty due to the fit parameters A and L, and a 15%
accuracy of D, respectively.
Fig. 11 Left axis: Arrhenius plot of kSmol2A (1) vs. T1. Open and solid
circles are due to fit results where the start parameter D ¼ 2DSE (Fig.
3) was fixed and varied, respectively. The triangles represent values of
kBP2A(1) calculated with eqn. (24)3 for R 0.7 nm. The error of kBP2A(1)
for DR ¼ 
0.1 nm is within the size of the triangular symbols.
The main contribution kBP2A;T (1) (dashed line) and kBP2A;D(1) (dash-
dotted line) are also shown. The straight lines are Arrhenius fits to
the triangles (dotted line) and solid circles (solid line) – activation
energies are stated in the text. Right axis: Factor w0 > 2 for all
temperatures according to eqn. (23)24 (solid squares).
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fit of eqn. (22) to the data, points measured at the extreme tem-
peratures (below 135 K and at 150 K) were omitted. Two mea-
surements at T ¼ 133 K and 132 K were also not discussed in
this paper, because the analysis did not yield meaningful
values, particularly for the radii obtained. The values obtained
for A and L are 9.576 10(12
 0.7) s1 and 0.144
 0.018 nm
(solid line), as well as 11.641 10(12
 0.8) s1 and 0.142

0.022 nm (dashed line) respectively – the error limits are
due to the fit. Although A and L strongly correlate and their
accuracy depends on the uncertainty of the temperature
dependence of RA as obtained from the analysis of experi-
mental data with and without weighting procedure, the values
for A and L agree surprisingly well in the chosen temperature
regions. The values for A and L are somewhat larger than
a range of feasible values found in ref. 3 for anthracene in
MCH–MCP: 2 1013 s1A 2 1016 s1 and 0.20
nmL 0.15 nm. This small discrepancy can have the follow-
ing reasons: (i) Although the relative diffusion coefficients of
triplet anthracene are comparable in ct-DMCH and MCH–
MCP, they will possess a somewhat different temperature
dependence due to the different viscosity of the two solvents.
(ii) In ref. 3, D values were extrapolated from room tempera-
ture and were thus not as accurate as in the present case. (iii)
In Fig. 10 it is apparent that the results based on exact
Stokes–Einstein behaviour of D (fixed in the fit) were the least
accurate one in the present study. In solid solution the fre-
quency factor A seems to be somewhat smaller. For instance
in a publication by Inokuti and Hirayama,26 who analyzed
data by Ermolaev and Terenin on naphthalene in alcohol–
ether at 77 K, values of L ¼ 0.143 nm and A 1–6 1010
s1 can be found.27,28 Personov and coworkers29 studied
coronene at 77 K in an organic glass and found values of
A ¼ 10(8.2
 1.0) s1 and L ¼ 0.54
 0.10 nm. The parameters
in a solid environment suggest a much stronger temperature
dependence of the RA than observed in this study. This would
imply a long-range mechanism for static triplet energy transfer
that is not (predominantly) based on exchange interaction and
hence a different distance dependence for kA other than eqn.
(19) would apply. A detailed discussion is beyond the scope
of this paper.
Basically no reliable values for A and L exist in the litera-
ture. From the temperature dependence of the intensity ratio
of the excimer and monomer fluorescence of pyrene in ethanol
(using data by Stevens and Ban30), Butler and Pilling calcu-
lated values of 1 1014 s1A 2 1016 s1 corresponding
to 0.18 nmL 0.13 nm.10 In comparison, the value of A
found in this study is of the right order of magnitude and L
is in good agreement.
Based on an encounter–reencounter mechanism31 Pilling
and Rice showed that the overall bimolecular rate coefficient
in the steady-state, kBP2A(1) ¼ 4pRBPA (1)D, has two contribu-
tions:





which is the rate coefficient for the energy transfer induced by
the formation of an encounter pair and
kBP2A;T ¼ 4pRD 1
1











which is the rate coefficient accounting for non-encounter pro-
cesses. Because of the strong distance dependence of kA(r), the
range of distances at which annihilation takes place is small
and centered around Reff . I0(w0) and K0(w0) in eqn. (24) are
modified first- and second-type Bessel functions of zero-order
and argument w0 (eqn. (23)), respectively. Since the exchange
interaction depletes excited triplet molecules before the forma-
tion of encounter pairs at high viscosities, kBP2A;D is virtually
negligible in the present study and kBP2A(1) kBP2A;T . Fig. 11
shows an Arrhenius plot of k2A(1) (circles) as determined
from the modified Smoluchowski model, and of kBP2A(1) (tri-
angles) and its contributions kBP2A;T and k
BP
2A;D as calculated
from eqn. (24) using an encounter distance of R 0.7 nm.
Fig. 11 essentially demonstrates firstly, that the approximation
for w0 > 2 in eqn. (22) holds over the entire temperature range,
and secondly, how well RBPA (1) can be associated with RA(1)
from the Smoluchowski model. The activation energy obtained
from the Butler and Pilling approach EBPA ¼ 39.52 kJ mol1,
(frequency factor ABP ¼ 7.82 1020 s1) agrees to within 8%
with that obtained from the modified Smoluchowski approach
ESmolA ¼ 36.38 kJ mol1 (ASmol ¼ 0.58 1020 s1). Fig. 11 also
includes values of k2A(1) obtained from the fits in which D
follows exactly a Stokes–Einstein law (open circles, column 4
Table 1). These values do not exhibit Arrhenius behaviour.
This again shows that using a fixed D at the corresponding
SE value in the fits yield the physically least relevant set of
parameters (see Fig. 10).
In essence our measurements corroborate the validity of
both, the Butler and Pilling as well as the Smoluchowski model
in the steady state regime, if the experimental conditions are
chosen appropriately. The essential differences of the two
approaches are: (A) The BP model requires two parameters
A and L to account for the temperature-dependent description
of TTA, the modified Smoluchowski model instead requires
only one, i.e. RA . (B) The weak temperature dependence of
RA emerges naturally from the model of Butler and Pilling
as opposed to the modified Smoluchowski model which does
not include this aspect of RA . (C) The BP model fails to
explain the anti-Smoluchowksi time range of TTA, hence no
information on RST can be obtained from it. (D) The effective
steady state annihilation radius as obtained from the
Smoluchowski model is of the right order of magnitude, corro-
borating the activity of a Dexter mechanism, which is the basis
of the BP model.
Conclusion
New measurements of the time-dependent delayed fluorescence
of anthracene in ct-DMCH are presented in the temperature
range between 150 and 134 K. It was shown that an appropri-
ately modified version of Smoluchowski’s original theory, as it
was introduced in a preceding publication3 and applied here to
its full extent, describes the kinetics of diffusion-controlled
TTA with high accuracy. For the determination of absolute
values of the relevant kinetic parameters (annihilation radius
RA , Fo¨rster radius RST , triplet decay rate kT), the tempera-
ture-dependent relative diffusion coefficient D was evaluated
based on an appropriate measurement using spatially periodic
excitation of the sample. In that way a strong correlation of D
and the effective annihilation radius RA could be diminished.
Appropriate fitting procedures for measurements upon spa-
tially homogeneous and spatially periodic excitation were out-
lined. The validity of the approach was discussed in terms of
preconditions for its application (it was found that the binary
approximation is valid for experimental conditions presented),
and the results obtained regarding the temperature dependence
of relevant kinetic parameters. Deviations of D(T ) from a
Stokes–Einstein law for spherical particles were found. Tem-
perature dependence and size of RA , RST and kT were physi-
cally reasonable and followed expectations. At low viscosity
(150 K) TTA is likely to be slightly slower than an entirely
diffusion-controlled reaction and at high viscosities (135 K)
effects resulting from the increasing rigidity of the matrix were
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observed. The modified Smoluchowski theory for TTA was
finally compared with a model by Butler and Pilling, which
is based on a distance-dependent first-order reaction for the
annihilation of a triplet pair. The values of the parameters A
and L describing the exponential distance dependence of the
corresponding rate coefficient were obtained from the tempera-
ture dependence of RA and D in the Smoluchowski approach.
The agreement with general values of A and L by Butler and
Pilling10 was satisfactory.
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